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In selecting our input data (ie. the features we are using to train our models), we have 
consideration of both dimensionality and diversity.

- For dimensionality, usually we could say the more data the better.  However, we have to 
keep in mind issues with over-fitting.  That is, especially when we have small number of 
property / response measurements.

 --- Issues with over-fitting and selection of features depends on the method used 
(sometimes need to consider, sometimes we don’t)

- For diversity, two features which are highly correlated do not contribute additional or 
useful added information. Therefore, we are interested in features which are diverse (ie. 
largely independent from other features).

Data Dimensionality and Diversity
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- Accuracy : how good is the model for what we know? … the goal in this case is to 
get as good of a fit as we can… this is applying to both training and test sets

- Robustness : how good is the model for predicting what we don’t know?  …. This is 
largely dictated through comparison of training and test data (ie. based on 
underlying factors and not overfit)…. Becomes particularly important with small 
data.

- Interpretability : can we explain the model?  …. If looking at the features, which 
are most important, can we come up with some justification …. This is often a 
trade off with techniques giving better accuracy …. 
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➢ Typical approach is to subtract mean and divide by standard deviation …. But when 
should we standardize the data?

➢ In case of regression, we may develop a model that is : 
 P = c1*f1 + c2*f2 + ……. where P is property, c is coefficient, and f is feature…. 

➢ In this case, it doesn’t matter if the features have been normalized …. The 
coefficient can take care of that …. So if we go from meter to centimeter, the model 
will be the same, just multiplying c by 100.

➢ If we have a situation with comparative data (ie. without the corresponding 
coefficients …. Eg. manifold learning) then we need to standardize.  That is, 
changing unit from meter to centimeter doesn’t change the data, but changes       
the results.

Standardizing Data
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• When we will predict things, keep in mind that there is uncertainty and we are only predicting what 
we think is the highest probability result…. That is, we are not saying this is the result, but rather it 
is more likely to be the result.

• Bayes’ Theorem : We are predicting the probability of an event given the knowledge of another 
event …. Ie. does having more information change our expectation of an event?   

• Let 𝛺, ℱ, 𝑃 be a probability space and 

• Let 𝐸𝑖 : 𝑖 ∈ 𝛬 be a countable collection of 

mutually exclusive and exhaustive events with 

𝑃(𝐸𝑖 > 0), 𝑖 ∈ 𝛬 . 

• Then, for any event 𝐸 ∈ ℱ with 𝑃(𝐸) > 0

Probability
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Classic example : we have a bowl B1 which has 4 white and 6 black 

balls in it.  We also have another bowl B2 which has 6 white and 4 

black balls in it.  

We shake a die, and if we shake 1 or 2, we select a ball from bowl 1 

(B1). Else, we select a ball from bowl 2 (B2).

(i) If we pick a white ball, find the conditional probability that it came 

from B1.

(ii) If we pick a white ball, find the conditional probability that it came 
from B2.

Probability
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W : we select a white ball

B1 : pick from bowl 1, and B2 : pick from bowl 2.  These two events are exclusive and exhaustive.

= [4/10*2/6] / [4/10*2/6 + 6/10*4/6]  =  ¼   ;   And since they are mutually exculusive, (ii) has probability of ¾.  

Thus : P(E1) = 1/3, P(E1|W) = ¼ and  P(E2) =  2/3 and P(E2|W) = 3/4

Probability
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• Non-normal distribution of data : Property does not follow distribution
• Can be a challenge …. Is it a data issue of is it that there are two different 

underlying effects that need to be modeled?

Data Distribution
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Line just drawn by eye 
on a guess…. Let’s 
calculate what it 
should be….

3.0

3.5

4.0

4.5

5.0

5.5

6.0

0.220 0.230 0.240 0.250 0.260 0.270 0.280

Least Squares Model

A few assumptions in linear 
regression, among : 

• Homoscedasticity : Error 
across all samples is the 
same.

• Property predicting can be 
linearly explained

• No auto-correlation : that 
is, the feature and the 
property are not the same, 
but with just a ‘lag’
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To easily calculate, we can use the following equations, with m as slope, b as 
intercept and equation of y = mx + b, with y being the predicted variable, and x is 
the predictor.

N is the number of measurements, xy is the product for a given 
measurement.
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m = (30*33.07 – 989.42) / (30*1.77158 – 53.056)
m =  28.29

b = (135.83 – 28.29*7.28) / 30
b = -2.34

Least squares equation : 
Property = -2.34 + 28.29*Feature

Feature

P
ro

p
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ty

Calculated what the 
least squares line is

For this toy data:
N = 30 (this is how many points are in our data)
Y is property
X is feature
Σ(xy) = 33.07

ΣX*ΣY = 7.28 * 135.83 = 989.42

Σ(x2) = 1.77158

(Σx)2= 53.056

3.0

3.5

4.0

4.5

5.0

5.5

6.0

0.220 0.230 0.240 0.250 0.260 0.270 0.280

y = mx + b
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Mean squared error (MSE) :

Note, this has the same form as a distance equation (ie. sqrt(x-xi)
2)…. 

So we can think of it as basically the collective distance (although 
scaled by number of samples) between actual and predicted.

Root mean squared error (RMSE) :
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Sum of squared errors (SSE) : 

SSE = n x MSE

Total sum of squares (TSS) : and

And thus : 
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• We have built a model in this example trained on all of the available data.  
However, does it predict things we don’t know with any accuracy?

• There are many ways for cross validation.  But for now, let’s follow the strategy of (i) 
randomly removing 20% of the data, (ii) train our model on the other 80% of the 
data, (iii) measure RMSE training from that, (iv) apply the model to the other 20% of 
the data and predict the property value, (v) measure RMSE CV between predicted 
and actual.  Good practice would be to repeat this multiple times to ensure that 
the selection of training / test doesn’t have an impact.

• If we have significantly higher value of RMSE testing than RMSE training, then our 
model is not good for predicting things we don’t know.  Either need more data, or 
the descriptors aren’t sufficient and the model is overfit, or we need different 
descriptors, etc.

Cross Validation (CV)
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Predictor Predicted

0.055 0.108

0.080 0.261

0.090 0.269

0.205 0.298

0.217 0.393

0.245 0.366

0.789 0.774

0.867 0.823

0.963 0.977

0.994 0.979

Predictor
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d y = 0.8134x + 0.1584

0.0

0.2

0.4

0.6

0.8

1.0

1.2

0.0 0.2 0.4 0.6 0.8 1.0 1.2

From Model:

0.203

0.224

0.231

0.325

0.335

0.358

0.801

0.864

0.942

0.967

=0.525

Consider sensitivity to outlier.

Calculation of Model Accuracy
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Predictor Predicted

0.055 0.108

0.080 0.261

0.090 0.269

0.205 0.298

0.217 0.393

0.245 0.366

0.789 0.774

0.867 0.823

0.963 0.977

0.994 0.979

From Model:

0.203

0.224

0.231

0.325

0.335

0.358

0.801

0.864

0.942

0.967

=0.525

R2 = 1 – 0.02/0.945 =  97.9%

Predicted From Model: SSE TSS

0.108 0.203 0.009 0.103513

0.261 0.224 0.001 0.090646

0.269 0.231 0.001 0.08618

0.298 0.325 0.001 0.0399

0.393 0.335 0.003 0.036239

0.366 0.358 0.000 0.028007

0.774 0.801 0.001 0.076004

0.823 0.864 0.002 0.114979

0.977 0.942 0.001 0.173629

0.979 0.967 0.000 0.195736

0.020 0.945

Calculation of Model Accuracy

MSE = 0.02 / 10 = 0.002
RMSE = sqrt(MSE) = 0.044
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➢ We’ll use some data on baseball statistics. 
We’ll have our key criteria (target property) 
as runs / game

➢ As a starting point, we see that batting 
average is positively correlated to 
runs/game, although insufficient.

Batting Average
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3.0

3.5

4.0

4.5

5.0

5.5

6.0

0.220 0.230 0.240 0.250 0.260 0.270 0.280

[30 x 26]Data taken from mlb.com

Multiple Linear Regression (MLR)

In MLR we are not assuming 
any correlation between 
features.
Also, consider role of outliers.
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R2 = 84.24 %

Actual Runs / Game
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Runs / Game = -10.83*Batting Avg + 
12.58*On-base pct + 15.70*Slugging pct 
– 3.25

• Significant improvement in model (which it should have, as there are more 
terms to fit to ; addition of terms should not decrease accuracy).

• Added terms leads to better chance for over-fitting though. Let’s test.

We have added in two additional features 
: On-base percentage and Slugging 
percentage (So now three terms).
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Runs / Game = -15.34*Batting Avg + 14.30*On-base pct + 17.54*Slugging pct – 3.43
From before : Runs / Game = -10.83*Batting Avg + 12.58*On-base pct + 15.70*Slugging pct – 3.25 ….. 
So similar, which is what we want.

Actual Runs / Game
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Black : Training data

Red : Testing data

Training and testing accuracy are similar, which suggests that the model is good 
for predicting also (at least in terms of interpolation)
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➢We can see an issue with this….. Batting 
average and runs/game are negatively 
correlated in the model.  But we know there 
is some correlation….  Model based on fitting 
and not real relationships.

➢MLR operates as if the terms are all 
independent (ie. uncorrelated).  Basically, 
treating all terms except for one as constant, 
and adjusting that parameter, and then fixing 
it and adjusting to next parameter and so on, 
until accuracy is maximized

➢Clearly though we have correlation in input.  

Runs / Game = -10.83*Batting Avg + 
12.58*On-base pct + 15.70*Slugging pct 
– 3.25
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PC1 : 84.73%
PC2 : 8.42%
PC3 : 6.86%

First, do PCA on batting average, on-base pct. and slugging pct.
(In classification case, wouldn’t do PCA on such small data, but let’s see if there is any 
benefit for predictive situation)

(1)Normalize data (so that we aren’t modeling on background – ie. only signal 
impacting model) --- this step isn’t necessary in MLR (and isn’t needed in PCR if we 
use all PCs).

(2)Select number of PCs
(3)Extract scores matrix (data of form of team vs. PCs)
(4)Build multiple linear regression between runs/game and scores values

PCs are all orthogonal to 
each other …. ie. no 
correlations between them

Principal Component Regression (PCR)
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R2 = 74.2%

Actual Runs / Game
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Runs / Game = -.228*PC1 + 0.147*PC2 + 4.53

If we select 2 PCs (as captures over 
90% of variance and also has elbow 
in scree plot) we get this result.

-Note: Accuracy is worse than MLR model (ie. have gone from R2 of 84.2% to 74.2%). 
-So clearly this is worse, right ?  Maybe not.
-Note, makes sense it would be lower R2 because we have included less information 
(ie. left out 6.86%)

PCR Result
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What are the PCs capturing?  Let’s look at the loadings matrix (remember that 
batting avg, on-base pct and slugging pct refer to the normalized values):

PC1 = -0.583*batting avg + 0.013*on-base pct – 0.812*slugging pct
PC2 = -0.574*batting avg – 0.714*on-base pct + 0.401*slugging pct

Runs / Game = -.228*PC1 + 0.147*PC2 + 4.53

So we can now estimate the relative weights on the model of the terms by 
plugging the PC equations into the model equation 
(eg. -0.583*-.228-0.574*0.147 for batting average)

Relative weights on runs/game:
Batting avg : 0.135 ; On-base pct : 0.026 ; Slugging pct : 0.234 

Makes more sense, even with lower R2 !!
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PC1 = -0.583*batting avg - 0.574*on-base pct – 0.575*slugging pct
PC2 = 0.013*batting avg – 0.714*on-base pct + 0.700*slugging pct

Runs / Game = -0.228*PC1 + 0.147*PC2 + 4.53

Our target property is Runs/Game, and our features are batting average, 
on-base percentage and slugging percentage.

Runs / Game = -.228*(-0.583*batting avg - 0.574*on-base pct – 0.575*slugging 
pct) + 0.147*(.013*batting avg – 0.714*on-base pct + 0.700*slugging pct) + 4.55

Runs / Game = 0.135*BA + 0.026*OBP + 0.234*SLG + 4.55

But still standardized feature input
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Batting avg : mean .243, stdev .0102
On-base pct : mean .316, stdev .0117
Slugging pct : mean .4096, stdev .0231

Runs / Game = 0.135*BA + 0.026*OBP + 0.234*SLG + 4.55

Runs / Game = 0.135*((BA-.243)/.0102) + 0.026*((OBP-.316)/.0117) + 
0.234*((SLG-.4096)/.0231) + 4.55

Runs / Game = 13.24*BA + 2.22*OBP + 10.13*SLG – 3.52

Final PCR Model Equation



27Q. Liu, et al, International Journal of Molecular Sciences 26, 2743 (2025)

Q. Liu, et al, Computational Materials Today 10, 100054 (2026)

Developing Model for Tg from Topological Descriptors :
Importance of Data Distribution

Using initial dataset, had model (not shown) with 
Training R² = 0.883, but a test R² of 0.343

Added targeted data for more normal distribution.  
Training R2 = 0.899 and test R2 of 0.869

• Significance of features consistent 

with the correlation analyses
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Several high-Tg polymers are systematically under-

predicted by the model.

Identify information necessary for high Tg design

Poly (sodium methacrylate)

Contains ionic side groups that enhance intermolecular interactions 

and thermal resistance, which are not reflected in the current 

topological features.

Poly (P-Phenylene terephthalamide)

Strong interchain hydrogen bonding, aromatic stacking interactions and 

conjugated backbone, leading to high Tg not fully represented by the 

descriptor set.

Poly (Vinyl acetal / Vinyl butyral)

Contain acetal (1,3-dioxane-like) ring structures that introduce local 

conformational constraints, which are not fully captured by current topological 

descriptors.

Model Interpretation: Insights into High-Tg Polymers
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➢Regularization tunes the function by adding an additional penalty term in the error 
function. This term penalizes large weights and thereby avoids the impact from 
outliers.  

➢This is also referred to as a shrinkage method.  

Regularization Approaches

• To this point, the goal of our regression has been to minimize the sum of squared 
residuals (RSS):       RSS = Σ(yi – ŷi)2     …... to have the actual values as close as we 
can to the predicted values.

• With regularization approaches, we instead seek to minimize the following :
  RSS + λΣβj

2

β is the coefficients of our regression model (ie. Y = βiXi + b), and λ is the shrinkage 
penalty.  We will select λ to minimize RMSE. If λ = 0, then it is same as ordinary least 
squares.
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Loss = RSS + λΣβj
2

Loss = RSS + λΣ|βj|

This equation is for Ridge regression, where we penalize 
the model by square of coefficient values. 

This equation is for LASSO (Least Absolute Shrinkage and 
Selection Operator) regression.  This instead penalizes the 
model by the absolute values of the coefficient values.

Ridge, LASSO and Elastic Nets

Or we can combine the two.  This is the Elastic Nets regression approach :

Loss = RSS + λ(((1- α)/2)Σβj
2 + α Σ|βj|)

where α is the mixing parameter between ridge (α = 0) and lasso (α = 1).

So we have two parameters to tune :   
λ for all three regression approaches, and α for elastic nets.
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➢ The nodes are based on maximizing information.  A goal is to minimize the number 
of nodes (same idea as with regressions where we want to avoid over-fitting).

➢ In order to work for now, final property or response needs to be categorical.
➢A downside is that it is dependent on the data, and therefore provides result based 

on that but not necessarily universal rule.

Decision Trees
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• Alternate visualizations : If we have a binary classification, it can be viewed as 
specific cut-offs within a 2D map.  Of course, this becomes challenging when we go 
beyond 2D to a high-dimensional descriptor space. 

• Also can see how this corresponds potentially with over-fitting.  That is, if we have 
more and more lines, we can get higher accuracy, but without much meaning.

Decision Trees
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We will discuss here Shannon entropy criterion for our example.  There are multiple 

criteria, which we will discuss more later, but this is one which seeks to maximize 

information cut-off to maximize separations of classes.


=

−==
m

i

ii ppHattributeEntropy
1

2 )(log)(

Entropy is the measure of randomness (impurity). An attribute (or feature or 

descriptor) which minimizes the entropy reflects the least randomness or impurity 

in the partition.

ip Probability that an arbitrary attribute belongs to class (Ci)

m # of distinct classes (in the present case m=2)

Classification Criteria
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For the data we’ll use for this example, we have a total of 355 compounds and 227 

forms perovskite and 128 do not form perovskite.
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Therefore Entropy (in bits) would be
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Consider an attribute now. If we have an attribute A with 3 distinct values (say low, medium 

and high), the entropy of this attribute should be calculated as the second step.

Consider we have out of 355 compounds, 100 with low, 150 with medium and 105 with high 

value for the attribute A.  Also consider, the low category in turn has 45 ABO3 compounds,

medium has 100 compounds and the high has about 75 compounds forming perovskite, then

the entropy of attribute A would be,

















−−








−+

















−−








−+

















−−








−=

105

30
log

105

30

105

75
log

105

75

355

105

150

50
log

150

50

150

100
log

150

100

355

150

100

55
log

100

55

100

45
log

100

45

355

100
)(

22

22

22AEntropy



36

Information gain is unstable in some cases so, to counter that Gain ratio is used as a 

splitting criterion.

By considering the same attribute A, the SplitInfo can be calculated as,
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ASplitInfo
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AGainratio =
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In order to measure the gain (worth) of attribute in splitting the data into pure classes, 

the entropy of A is subtracted from the entropy of the class attribute. 

“Best classification” is obtained from an attribute which has the highest Gain value.

)()()( AEntropyclassEntropyAGain −=
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• Once the first node is defined, 
we keep repeating the 
process on the new subsets 
in the data.

)(

)(
)(

ASplitInfo

AGain
AGainratio =

• This example had an attribute with three classes.  But assume we have many 
potential values for many attributes… this becomes a more complex challenge as 
there are nearly unlimited possibilities.  

• This is the logic though …. Ie. go through all of the potential possibilities, and 
determine the particular attribute and the corresponding attribute value which 
maximizes the gain ratio.
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Model evaluation: 10-fold cross validation

Accuracy: 94%

Post-pruning operation (this is done to avoid over-fitting 

the data) – effectively this means we remove lower 

‘branches’ and track how much the results change

Example Result

Adjustable Parameters (potential source of 
bias)
-minsplit: Set the minimum number of 
observations in the node before the 
algorithm perform a split
-minbucket:  Set the minimum number of 
observations in the final note i.e. the leaf
-maxdepth: Set the maximum depth of any 
node of the final tree. The root node is 
treated a depth 0
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True Positive
(TP)

True Negative
(TN)

False Positive
(FP)

False Negative
(FN)
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ed
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d

Actual
Y N

Y

N

Confusion matrix : 

Accuracy = (TP + TN) / (TP + TN + FP + FN)

Sensitivity = TP / (TP + FN)

Specificity = TN / (TN + FP)
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Quantitative Prediction Instead of Class

Often used for predicting a value.  The 
objective in this case is instead of saying we 
want the feature and cutoff which most 
separates the classes, we instead have the 
cutoff which results in the least variance 
within the values of the two classes.

This process is then continually repeated 
until instead of having a yes or no prediction, 
we instead have an average value for all 
remaining entries.

Also, can think about the impact of outliers 
versus in MLR.
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• To apply bagging to 
regression/classification trees, 
simply construct B 
regression/classification trees 
using B bootstrapped training 
sets, and average the resulting 
predictions. 

• These trees are not pruned, and 
therefore each individual tree has 
high variance, but low bias. 
Averaging these B trees reduces 
the variance.

Bagging

Con : It is less interpretable … that is, since it is the 
combination of many models, we don’t have a single tree 
diagram anymore, thus losing a benefit of the approach.
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• As in bagging, you build a number of decision 
trees on bootstrapped training samples. 

• But when building these decision trees, each 
time a split in a tree is considered, a random 
sample of m predictors is chosen as split 
candidates from the full set of p predictors. 

• The split is allowed to use only one of those m 
predictors. This is the main difference 
between random forests and bagging; in 
bagging, m = p.

Random Forest

Parameters to tune : the number of predictors to randomly select at each 
split, the number of trees, and the minimum leaf node size.

Predicted property value is then the average across all of the trees.
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• Bagging involved creating multiple copies of the original training dataset and fitting a separate 
decision tree to each copy, and then combining all of the trees in order to create a single predictive 
model. Notably, each tree is built on a bootstrapped dataset, independent of the other trees.

• Boosting works in a similar way, except that the trees are grown sequentially: each tree is grown 
using information from previously grown trees. Boosting does not involve bootstrap sampling; 
instead, each tree is fitted on a modified version of the original dataset.

Boosting

Boosting is very useful 
when you have a lot of 
data and you expect the 
decision trees to be 
very complex. 
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Summary

• Last time we discussed unsupervised learning methods.  This time we 
discussed supervised learning methods.

• In particular : linear regressions, random forest, and boosting.

• Highlight the benefits and negatives to each, including handling different 
data sizes, the potential for human biasing, over-fitting and 
interpretability.
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